Let G be an undirected graph, A be an (additive) abelian group and
Introduction
Graphs in this paper are finite and may have loops and multiple edges. Undefined terms and notation are from [1] . Throughout the paper, Z n denotes the cyclic group of order n, for some integer n ≥ 2.
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where " " refers to the addition in A.
A function b : V (G) → A is called an A-valued zero sum function on G if v∈V (G) b(v) = 0. The set of all A-valued zero sum functions on G is denoted by Z (G, A). Given b ∈ Z (G, A), if G has an orientation D and a function f ∈ F * (G, A)
For an abelian group A, let A be the family of graphs that are A-connected. It is observed in [5] that the property G ∈ A is independent of the orientation of G, and that every graph in A is 2-edge-connected.
For convenience, we also use 0 to denote the zero value constant function in F(G, A). Then an A-nowhere-zero flow (abbreviated as an A-NZF) in G is an (A, 0)-NZF. For a positive integer k, when A = Z, the additive group of all the integers, a function Tutte ([14] , also [4] ) showed that a graph G has an A-NZF if and only if G has an |A|-NZF.
The concept of A-connectivity was introduced by Jaeger et al. in [5] , where A-NZF's were successfully generalized to A-connectivity. A similar concept to the group connectivity was independently introduced in [7] , with a different motivation from [5] . For more on the literature of the nowhere-zero-flow problems, see [14, 4] or [15] .
For a 2-edge-connected graph G, define the flow number of G as
and the group connectivity number of G as
Tutte conjectured (see [4] ) that if a 2-edge-connected graph G does not have a subgraph contractible to P 10 , the Petersen graph, then Λ(G) ≤ 4. This conjecture has been proved for cubic graphs [12] , and the general case remains open. The main purpose of this note is to show that for 2-edge-connected graphs with diameter at most 2, the group connectivity number is at most 6 with the 5-cycle C 5 being the only such graph with Λ g (C 5 ) = 6. Moreover, we will also show that if G is a 2-edge-connected graph with diameter at most 2 such that G = C 5 , then Λ g (G) ≤ 5. All such graphs whose group connectivity number is exactly 5 will be characterized.
Preliminaries
In this section, we present some of the known results which will be utilized in our proofs.
For a subset X ⊆ E(G), the contraction G/ X is the graph obtained from G by identifying the two ends of each edge e in X and deleting resulting loops. Note that even G is a simple graph, the contraction G/ X may have multiple edges. For convenience, we define G/∅ = G, and write G/e for G/{e}, where e ∈ E(G). If H is a subgraph of G, then we write G/H for G/E(H ).
Proposition 2.1 (Proposition 3.2 of [9]
). Let A be an abelian group with |A| ≥ 3. Then A satisfies each of the following:
and e ∈ E(G), then G/e ∈ A , (C3) if H is a subgraph of G and if both H ∈ A and G/H
∈ A , then G ∈ A .
Lemma 2.2 ([5]
and [9] ). Let C n denote a cycle of n vertices. Then C n ∈ A if and only
Lemma 2.3 ([5]). Let G be a connected graph with n vertices and m edges. Then Λ g (G) = 2 if and only if n = 1 (and so G has m loops with a single vertex).
Let O(G) = {odd degree vertices of G}. A graph G is collapsible if for any subset R ⊆ V (G) with |R| ≡ 0 (mod 2), G has a spanning connected subgraph Γ R such that O(Γ R ) = R. As in [1] , κ (G) denotes the edge-connectivity of a graph G.
Theorem 2.4 ([2]). Suppose that G is one edge short of having two edge-disjoint spanning trees. Then G is collapsible if and only if
κ (G) ≥ 2.
Lemma 2.5 ([8]). Let G be a collapsible graph and let A be an abelian group with
|A| = 4. Then G ∈ A .
Lemma 2.6 ([10]). Let A be an abelian group with |A| ≥ 3, and let G be a connected graph. If for each e ∈ E(G), G has a subgraph H e ∈ A , then G ∈ A .

Theorem 2.7 ([3]). Let m > n > 0 be integers. If A is an abelian group with
|A| = 4, then K 2,n ∈ A . Furthermore, Λ g (K m,n ) =    5 if n = 2 4 if n = 3 3 if n ≥ 4.
Graphs with diameter at most 2
Let G be a connected graph. For any pair of vertices u, In 1989, it was shown [6] that if G is a 2-edge-connected graph with diameter at most 2, then Λ(G) ≤ 5, where equality holds if and only if G ∼ = P 10 . In this section, we shall consider what would happen if we replaced Λ by Λ g in this result. Lemma 2.2 indicates that Λ g (C 5 ) = 6 and Theorem 2.7 suggests that P 10 is not the only diameter 2 graph with group connectivity number equaling 5.
Let m, n be two positive integers and let H 1 ∼ = K 2,m and H 2 ∼ = K 2,n . Let u 1 , u 2 denote the two nonadjacent vertices of degree m in H 1 ; v 1 , v 2 denote the two nonadjacent vertices of degree n in H 2 . Then S m,n is the graph obtained from the disjoint union of H 1 and H 2 by identifying u 1 with v 1 and by adding a new edge e joining u 2 to v 2 (see Fig. 1 ). Note that S 1,1 ∼ = C 5 , the 5-cycle.
The main results of the paper are the following. 
Theorem 3.2. If G is a 2-edge-connected loopless graph with diameter at most 2 such that G
Moreover, when G is one such graph, the following are equivalent: A few lemmas and former results are needed for the proofs of Theorems 3.1 and 3.2. Recall that a graph G is collapsible if for any subset R ⊆ V (G) with |R| ≡ 0 (mod 2), G has a spanning connected subgraph Γ R such that O(Γ R ) = R. For a graph G, let G denote the graph obtained from G by successively contracting all maximal collapsible subgraphs of G. Then G is called the reduction of G. Catlin [2] showed that the reduction of any graph exists and is unique. 
Theorem 3.4 ([5]). If G has two edge-disjoint spanning trees, then for any abelian group
A with |A| ≥ 4, G ∈ A .
Lemma 3.5. Let G be a loopless graph. If one of the following holds:
(i) G ∼ = P 10 , or (ii) G has a collapsible subgraph H with |V (H )| ≤ 2 such that G/H ∼ = K 2,m for some m ≥ 2, or (iii) G ∼ = S m,n for some m, n with m > n > 0, then Λ g (G) = 5.
Proof. We first show that if (ii) holds, then
Therefore, we assume that |V (H )| = 2. Since H is collapsible and since |V (H )| = 2, H must have two edge-disjoint spanning trees. Let A be an abelian group A with |A| ≥ 5. By Theorem 3.4, H ∈ A . Since G/H ∼ = K 2,m ∈ A , by (C3) of Proposition 2.1, G ∈ A , and so Λ g (G) = 5.
Next, we do the same if (iii) holds. Suppose that some S m,n ∈ A . S m,n can be contracted to a K 2,m+n , and so by (C2) of Proposition 2.1, K 2,m+n ∈ A as well. Thus It remains to show that Λ g (P 10 ) = 5. It is well known that Λ(P 10 ) = 5, and so we have Λ g (P 10 ) ≥ Λ(P 10 ) = 5. To see that Λ g (P 10 ) = 5, it suffices to show that for any abelian group A with |A| ≥ 5, P 10 ∈ A . Since every edge of P 10 lies in a 5-cycle, by Lemmas 2.2 and 2.6, if |A| ≥ 6, then P 10 ∈ A . It remains to show that P 10 ∈ Z 5 .
First, we shall show that if e, e are incident with the same vertex v ∈ V (P 10 ), then H = (P 10 − e)/{e } ∈ Z 5 . This is because that H contains a 4-cycle L such that in H /L, every edge lies in a cycle of length at most 4. Therefore, by Lemmas 2.2 and 2.6, H /L ∈ Z 5 . By Lemma 2.2, L ∈ Z 5 , and so by (C3) of Proposition 2.1, H ∈ Z 5 . Now we can prove that P 10 ∈ Z 5 . Let b ∈ Z (P 10 , Z 5 ). If b ≡ 0, then since Λ(P 10 ) = 5, P 10 has a (Z 5 , 0)-NZF. Therefore, we assume that for some vertex v ∈ V (P 10 ), b(v) = 0 ∈ Z 5 . Let e be an edge joining v to another vertex u in P 10 , and let e, e , e be the three edges incident with v in P 10 . Then define H = (P 10 − e)/{e }. By the definition of contraction, we may assume that V (H ) = V (P 10 ) − {v}.
By the definition of a contraction, we can view E(H ) = E(P 10 ) − {e, e }, and so this orientation of H can be viewed as an orientation of the edges of P 10 −{e, e } in P 10 . Without loss of generality, we may assume that in this orientation of P 10 , e is directed into v. We extend this orientation to an orientation of P 10 by orienting both e and e from v.
Extend f to a function f ∈ F * (P 10 , Z 5 ) as follows: ∀ z ∈ E(P 10 ),
Then f ∈ F * (P 10 , Z 5 ) such that ∂ f = b. Therefore, P 10 ∈ Z 5 , as desired.
Lemma 3.6. Let A be an abelian group with |A| = 4, and let G be a 2-edge-connected graph of diameter at most 2. Then G ∈ A if and only if either G
Proof. Suppose first that G ∈ A . Then by (C2) of Proposition 2.1 and by Lemma 3.5, G cannot be contractible to a K 2,m or to P 10 . In particular, G S m,n . Thus we cannot have G ∼ = C 5 and neither can (ii) of Theorem 3.2 hold.
We apply Lemma 3.3 to show the converse. Assume that G ∈ A . By Lemma 2.5, (i) of Lemma 3.3 does not hold. As (ii) of Lemma 3.3 implies (ii) of Theorem 3.2, we may assume that (i) and (ii) of Lemma 3.3 do not hold either. Hence one of (iii), (iv) or (v) of Lemma 3.3 must hold. If G , the reduction of G, is isomorphic to an S m,n for some positive integers m and n (including S 1,1 = C 5 ), and if G = G , then G has some maximal nontrivial subgraphs
, since H i is nontrivial, H i must have at least two vertices and so the diameter of G would exceed 2, contrary to the assumption that the diameter of G is at most 2. Therefore, if (iii) or (v) of Lemma 3.3 holds, then G ∼ = S m,n for some positive integers m and n, and so (ii) of Theorem 3.2 must hold.
Finally, we assume that G ∼ = K 2,m for some m ≥ 2. Then either G ∼ = K 2,m and we are done, or G has maximal nontrivial collapsible subgraphs
Since the diameter of G is at most 2, we must have k = 1 with |V (H 1 )| ≤ 2, and so (ii) of Theorem 3.2 holds. This completes the proof of Lemma 3.6. Proof. By Theorem 3.7, we have 2 ≤ δ(G) ≤ 3. By Theorem 3.8, G must be either 2-regular or 3-regular, and so, in these cases, G is isomorphic to either C 5 or to P 10 (see page 82 of [6] for a detailed proof).
Proof of Theorem 3.2. Let A be an abelian group of order at least 4. Suppose first that |A| ≥ 5. We argue by induction on |V (G)| to show that G ∈ A . By Lemma 2.2, any 2-edge-connected graph with at most four vertices must be in A . Therefore, we assume that |V (G)| ≥ 5. If G has a nontrivial subgraph H which has two edge-disjoint spanning trees, or which is isomorphic to a cycle of length at most 4, then by Theorem 3.4 or Lemma 2.2, H ∈ A . As the diameter will not increase under contraction, G/H is also 2-edge-connected with diameter at most 2. By induction, G/H ∈ A and so by (C3) of Proposition 2.1, G ∈ A .
Therefore, we assume that G satisfies the hypotheses of Lemma 3.9, and so G ∈ {C 5 , P 10 }. By the assumption of Theorem 3.2, G = C 5 , and so we must have G ∼ = P 10 
